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Abstract— This paper presents a critical analysis of the
Pareto-Following Variation Operator (PFVO) when used as
an approximation method for Multiobjective Evolutionary Al-
gorithms (MOEA). In previous work, we have described the
development and implementation of the PFVOQ. The simu-
lation results reported indicated that when the PFVO was
integrated with NSGA-II there was a significant increase in
the convergence speed of the algorithm. In this study, we
extend this work. We claim that when the PFVO is combined
with any MOEA that uses a non-dominated sorting routine
before selection, it will lead to faster convergence and high
quality solutions. Numerical results are presented for two base
algorithms: SPEA-II and RM-MEDA to support are claim. We
also describe enhancements to the approximation method that
were introduced so that the enhanced algorithm was able to
track the Pareto-optimal front in the right direction.

I. INTRODUCTION

Most numerical optimization problems require experi-
ments and/or simulations to evaluate design objectives and
constraints. For many real world problems, however, a single
simulation can take a long time. As a result, routine tasks
such as design optimization, design space exploration, sen-
sitivity analysis and “what-if” analysis become impossible
since they require thousands or even millions of simulation
evaluations [1]. One way of alleviating this burden is to con-
struct approximation models, known as Surrogate Models,
Response Surface Models (RSM), Meta Models or Emulators
that mimic the behavior of the simulation model as closely as
possible, while being computationally cheap(er) to evaluate.

The main idea of Surrogate/RSM is to use a set of designed
experiments to obtain an optimal response. In this case, the
exact, inner working of the simulation code is not assumed
to be known (or even understood). The input-output behavior
is the important thing. A model is constructed based on
modeling the response of the simulator to a limited number of
intelligently chosen data points. This approach is also known
as Behavioral Modeling or Black-box Modeling [2].

Given the development of approximation/surrogate model
for single-objective optimization problems, it is not sur-
prising that there has been increased interest in applying
these techniques in the multi-objective domain. However,
in many cases the implementation strategies have been very
similar to that of single-objective approaches. This particular
approach has limitations. In Multiobjective Optimization
Problems (MOP’s), the goal is to find a set of compromising
solutions that satisfy two or more objectives. Consequently,
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the implementation of surrogate models is not as straight
forward as in single-objective EAs. In fact, this area is one
of the most challenging research topics in MOEA.

A number of different approaches have been described in
the relevant literature to address this challenge. The most
trivial approach is to design the approximation functions
using a direct implementation of the surrogate models as
in single-objective EAs. In this case, we have to construct a
number of surrogate models, one for each of the objective
functions [3]. Another approach is to decompose the multiple
objectives into several scalar optimization problems [4] and
construct the surrogate model. For a detailed survey on
surrogate models in MOEA, readers are referred to [5]. Here,
we present a brief discussion of the limitations that we
have identified when using conventional surrogate models
for MOEAs:

o Since MOP’s deal with more than one objective, we
have to design different approximation models for dif-
ferent objective functions. If we are going to use a
computationally expensive method such as Kriging [6],
RBF network [7] or Artificial Neural Network [8], [9],
[10], [11], the learning cost increases proportionally
with the number of objective functions.

o The main goal of a MOEA is to find all possible
solutions on the Pareto-front. However, the shape of
the Pareto-front may impact on the performance of the
surrogate. Surrogate models are designed for continuous
functions, so when a broken (not connected) Pareto-
front is encountered, the model may not work properly.

o Surrogate models are also error-prone. Deceptive phe-
nomenon and falling into the trap of “false optima”
are common occurences in single objective optimization
[12] [13]. The same problem exists for MOP’s.

The Pareto-following Variation Operator (PFVO) is similar
to the work presented in [8], [9], [14]. However the main
difference is that in [8], the model was built using an Inverse
Artificial Neural Network (ANN). The term Inverse actually
defines the technique where we “reverse map” the design
variables from the objective functions to the design space.
This idea has a special significance in the case of MOP’s. If
we could some how extrapolate the next (future) Pareto-front
from the existing (present) one, this reverse mapping tech-
nique will enable us to approximate those design variables
that would make up the future Pareto-front. To implement
this reverse mapping idea, we have to consider the optimizer
as a Dynamic System that takes design variables as inputs
and objective functions as outputs. Under this assumption,
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Fig. 1. The reverse mapping procedure

the ANN mimics this Dynamic System or Optimizer. Figure
1 illustrates the reverse mapping procedure at an abstract
level.

Although, ANN based models have been successful in
some circumstance, we have identified significant implemen-
tation limitations:

« It is very difficult to design an accurate ANN structure
(both in terms of accurate weights and neuron connec-
tions) that will exactly mimic the behavior of the origi-
nal expensive fitness function/evolutionary optimizer (in
the case of “inverse mapping”).

o ANN have a corresponding huge computational cost,
attributed to learning costs. A good ANN may help
us to design an efficient approximator, however, the
computational cost degrades most of the benefits.

o In the case of the “reverse mapping” procedure, if the
total number of objective is smaller than the number of
design variables (which is always the case), it is very
difficult to design an efficient ANN model — under these
circumstance, the number of input neurons is smaller
than the number of output neurons.

ANN based models are widely used [15], primarily due to
their high accuracy levels. However, for MOP’s, high levels
of accuracy is not as critical. The approximation of the next
Pareto-front from the existing one needs to be just “good
enough” to bypass the extra computation for the evolutionary
optimizer, rather than being accurate. Therefore, in our PFVO
model, we carry out a similar modelling procedure using
Least Square Approximation (QR-Factorization) in place
of the ANN. Moreover, our model does not replace the
original objective functions with an approximation model.
Instead, we will approximate the search trajectory of the
hosting optimizer! and skip the function evaluations for non-
promising individuals so that the hosting optimizer can reach
to the true Pareto-front within small amount of computational

"Here “hosting optimizer” refers to any kind of MOEA that uses non-
domination based sorting on the population before selection process. It is
considered as the “base MOEA” for our experiment.
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Fig. 2. Representation of the decision variable space and the corresponding
objective space

cost.

The remainder of the paper is organized as follows: In
section II, we present an overview of MOPs. In section
IIT we discuss the detailed design and implementation of
our model. We then describe the integration mechanism
with two popular baseline MOEA’s — the “Strength Pareto
Evolutionary Algorithm - I (SPEA-II)” [16], and the recently
proposed “Regularity Model Based Estimation of Distribu-
tion Algorithm (RM-MEDA)” [17]. In the next section, we
describe the detailed numerical simulations and present the
results and analysis. In the final section, we will conclude
the paper and suggests directions for future research.

II. MULTIOBJECTIVE OPTIMIZATION PROBLEM(MOP)

The general Multi-objective Optimization Problem can be
defined as follows - Find the vector, * = [11*, 20* ... 2, *]T
which satisfies m inequality constraints:

9i(Z) >0 i=1,2...m (1)
hi(#) =0 i=1,2...p @)

and optimizes the vector function
F@ = [h@), @) ... fu(@)]" 3)

In other words, the aim is to determine from among the
set of all values which satisfy (1) and (2) the particular set
z¥1,x%2...2%, which yields the optimum values of all the
objective functions. In MOP’s there is no single solution
rather we have to find all compromising (Pareto-optimal)
solutions. A solution &* € 2 is Pareto-optimal if for every
ZeQand I ={1,2...k} either,

Vier(fi(Z) = fi(Z")) (€]
or, there is at least one 7 € I such that
fi(@) > fi(Z") ®)

The constraints given by (1) and (2) define the feasible region
2 and any point 7 in 2 defines a feasible solution. The vector
function f(Z) is a function which maps the set Q) into the
set A which represents all possible values of the objective
functions. Please refer to Figure 2 for the concept of objective
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space and design variable space. For a given MOP f(z), the
Pareto-optimal Set (PS™) is defined as

PS* i={ze Q-3 €Q: f(a') < flx)}  (6)

Our goal is to find the set of all Pareto-optimal solutions and
the corresponding objective values of this set is defined as
Pareto-front. The Pareto-front (PF™) can be mathematically
defined as,

PF ={i=f=(f(z)...

For more details on basic MOP, readers are referred to [18],
[19], [20].

fe(@))lz € PST} (D)

III. THE PARETO FOLLOWING VARIATION
OPERATOR(PFVO)

The PFVO is an alternate surrogate model. A key design
feature is the fact that it does not approximate the original
objective function, rather it approximates the behavior (in-
put/output or design-variable/objective-value relation) of the
underlying hosting optimizer. In the next subsection we start
the model description (formulation) by introducing useful
notations. This is followed by a detailed description and
complexity analysis.

A. Notations

In any typical non-dominated sorting MOEA, a number of
individuals are generated randomly, evaluated and then sorted
according to non-domination criteria. Figure 3 provides a
schematic view of the the individuals in objective space and
design variable space after sorting.

Here, we consider M individuals with n design variables
and k objectives. Suppose, z7(¢) and f7(¢) denote the
design variable ¢ and the objective value j of an individual
p in front Fy. If we sort the individuals in every front with
respect to one objective, we can also assume that a specific
individual p of each front is the same individual moving
towards front Fy4 from front F4_o (Refer to Figure 3). Here,
decreasing values of ¢ represent a worse front?. Now if we
could somehow extrapolate the trajectory of p, we can infer
that this individual will eventually reach the next front Fy;
(Refer to Figure 3). Moreover, if the distance between two
consecutive fronts is small, then we can also assume that this
trajectory is piece-wise linear.

Considering only one individual p, we can also say that
this search algorithm takes (¢ — 1) as input and generates
z¥(¢) as output. Instead of considering the search algorithm
as a “procedure” per se, let us consider it as a “Dynamic
System” [21], [22] (with transfer function H), which takes
the series

{7(6), 27 (¢ = 1),27(¢ —2) ...} ®)
as input and generates

2Here, the fronts Feos Fp—1,---,F1 are generated in a single generation,
Fg and Fy_; are not from two consecutive generations.
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Fig. 3.  After non-dominated sorting, individuals in each front are sorted
with respect to one objective. For modeling purposes, () is considered as
the same individual moving from front Fy_o to front Fy

as output. Again, if we consider an inverse system (with
transfer function H 1), then it will generate

{7(9), 27 (6= 1),27(¢ = 2) ...} (10)
as output when

is input. Therefore, if we could somehow approximate the
system’s parameters, then we can easily approximate the
design variable of the next front x (¢ + 1) (when f}'(¢+1)
is given as input).

Our next task is to generate the so-called “Mirage So-
lutions™ fP(¢ + 1). Approximation of f7(¢ + 1) is quite
straight-forward since in any type of MOP, we have to
maximize (or minimize) multiple objectives. In the case of a
minimization problem, the objective value in the next front
Fe+1 will be smaller than that of the current front F, by
some amount A f. So for a minimization problem,

fFo+1)=f7(¢) - Af

The preceding discussions dictate that PFVO depends on the
following formulations:

12)

o approximating the parameters of the dynamic system

« approximating f7(¢ + 1) from f7(¢) by choosing a
suitable Af value

o from f7(¢+1), approximate the design variable 27 (¢+
1) of the next front Fy 1

B. Model Formulation

Before describing the model formulation in detail, first we
construct a simple linear system for the design variable 7 and
objective j:

zi(¢) + aozi(d — 1) = bo fi(¢) + b1 fj(d— 1) +e(¢) (13)

Here, f; are input and z; are considered as output. Therefore,

n(@)=[ —w6-1) &) f6-1) ] 23 Le(d)
1 (14)

3“Mirage Solutions” or “Projected Solutions” means the objective values
of the next (future) front that are approximated from current design variables,
for more details please see [9] and [8]
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Now, we can adopt a matrix formation:

zi(¢) zi(p—1) fi(e) fi(p—1)
2i(p— 1) w(o-2) f6-1) Fi6-2) |
56— 2) 563 [o-2) 56-3) { o }
: : : : b
2:(2) =) L@ nm T
y &
()
e(¢p—1)
+ €(¢’ * 2) (15)
«(2)
| —
Or we can rewrite
y=® -8;; +e (16)

Here, matrix 3;; denotes parameter of the dynamic sys-
tem for the design variable ¢ and objective j. B;; can be

approximated using Least Squares. Let us denote 3;; as
approximated (3;;:
Bij= (@Te) oy (17)
————
pseudo-inverse

So,
zi(¢) = [ —wilo—1) fi(¢) fi(6—1) ] Bs (18)

Now we have B” From equation 12 and 18, now we can
easily approximate the i*" design variable of the next front

For1 -
[ —zi(0) fi(6+1) fi(9) ]-Biz(19)
= [ —m(®) fi(0)=AF fi(0) ] B30

zi(d+1)

For more details on relevant concepts and formulation of
PFVO, readers are referred to [23], [24] and [25].

C. Calculation of Af

The critical portion of the algorithm is to calculate the
approximate objective values of the next front. In the initial
implementation of PFVO we have assigned the value of
Af from empirical trials. In most cases, the value of Af
was calculated based on the difference in nadir and utopia
objective values [19]. However, the performance was not
identical for all problems/host algorithms. So, in the later
implementation, we have adopted an adaptive calculation of
Af based on the average Af of the previous points. Since,
PFVO does not necessarily need the exact predicted values of
the next front, we have found that a “rough guess” is feasible
when approximating the design variables for the next front*.
Moreover, it is also necessary to limit the computational com-
plexity of the whole procedure. The calculation is conducted
as follows for two objectives problem (see Figure 4) -

For first objective f1, Afi =7y cosby 21)
For second objective fa, Afy =rysinfy  (22)
1 1
T 01
where, T4 = Z i and 04 = Z N (23)

i=¢—1
D. Algorithm

The algorithm for PFVO is listed in Algorithm 1. Readers
can review the schematics illustrated in Figure 1 and 5 to
clarify understanding of the functionality.

A basic flowchart for the mathematical operations are
illustrated in Figure 5. This figure represents the schematic
of PFVO for a scenario where the problem has three design
variables and two objectives. After non-dominated sorting,
three fronts are created. The approximated population has
kmg individuals.

E. Complexity Analysis

We now provide a description of the complexity of our
algorithm. To find the pseudo inverse in equation 13, we
have used QR factorization with the aid of the Householder
transformation [26]. The complexity of the algorithm largely
depends on the size of the matrix ® in equation 16. Here we
denote this time (or front) steps as ¢ and the initial “guess”
of the dynamic model starts with 2 time (or front) steps
in equation 14. We are doing QR factorization on matrix
® whose dimension is (|¢| — 1) x t. Here |¢| is the size
of the best front ¢. This operation requires 2(|¢| — 1)t? —
2/3t3 computations. So it has a computational complexity of
O(2(19] - 1)i2 - 2/3¢%).

After the QR factorization, the upper triangular matrix
R has a dimension of ¢ x ¢ and the orthogonal matrix Q
has a dimension of (|¢| — 1) x . After doing this, we
are solving the systems parameter 3;; in equation 17. This
requires one inversion on the upper triangular matrix R,
one multiplication on Q”y and another multiplication on

4Please note that PEVO is not for exact prediction, it will just generate
a “best guess” objectives value for the next front so that the host optimizer
can explore the search space in right way.
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Algorithm 1 Pareto Following Variation Operator(P;,A f)

Require: Parent population P; is sorted with respect to non domination.

'7f1}

Py = {Fp, Fp—1,--

and individuals in Fg, Fg_1,...,F1 are sorted again with respect to
one objective. Each front F; has size m; and Fy is the best front. A f
is the objective distance from current best front to next approximating

front.
Ensure: Creates kmg number of approximated individuals of the front
Fopt1
1: for all objectives j such that 1 < j < k do
2 for all individuals p such that 1 < p < my do
3: for all design variables ¢ such that 1 <7 < n do
4: Construct matrix y from the individual p from every front
f(bv]:éfl:"'yfl
5: Construct matrix ® from the individual p from every front
For Fo—1,-->F1
6: Calculate B;; := (8T @) 1@Ty
7: Approximate f]p(¢ +1):= f;”(d)) —Af
8: wi(p+1):=[ —zi(®) fi(d) —AF fi(9) |- Bij
9: xi(¢ + 1) is the design variable ¢ of the new approximated
individual I%, where z = p + (j — 1)mg.
10: So, 2" TUTI™ (45 4 1) = mi(p+ 1)
11: end for
12: end for
13: end for
14: Returns new approximated population Fy4; with population size
kmg,

R'Q"y. So equation 17 and 20 have an overall complexity
of:

O2(|¢] — D)t* —2/3t%) + O((|¢| — 1)t)
+O(t%) + O((1¢] — 1)*t) + O(t?)

~ O(2¢*t?)

Here, |¢| >t

From line 1 to 12 in Algorithm 1, 3;; is evaluated for nk|¢|
times. So the overall complexity of the variation operator will
be O(2nk|¢p|*t2). Where n is the number of design variables,
k is the number of objectives.

If we consider the complexity with N individuals in the
worst case, there will be only two fronts, where the best

Mathematical steps in the Pareto-following Variation Operator. Here the operation is illustrated for objective function f; and design variable z1

front has N — 1 individuals and worst one has only 1. In
that case, |¢| = N — 1. So the overall worst case complexity
will be O(2nk(N — 1)%t2) = O(nkN3t2). Moreover, in our
experiment ¢ = 3, and obviously in the worst case |¢| > ¢,
so the variation operator has the complexity of O(nkN3),
which largely depends on the population size. Actually, this
added complexity will not reduce the overall running time
of the host optimizer, since this operator can save extra
objective evaluation of the hosting optimizer by approximate
mapping of the future Pareto-front to future design variables.
In this experiment we have used the Linear Algebra package
Meschach 1.2b, [27] for matrix operations.

IV. INTEGRATION MECHANISM
A. Integration with SPEA-I1

In this case, we have applied PFVO on the external archive
before the original variation in SPEA-II occurs (see line 15
of Algorithm 2). The overall procedure of this integration
scheme is illustrated in Algorithm 2. For the original pseudo
code of SPEA-II, please refer to [16]. We have used the
original SPEA-II code available at http://www.tik.
ee.ethz.ch/sop/pisa/.

B. Integration with RM-MEDA

RM-MEDA [17] provides a special interest to our experi-
ment since it does not fall into the general MOEA categories.
This algorithm is an instance of so called Estimation of
Distributed Algorithm (EDA) [28]. EDAs are those type of
techniques where normal genetic operators, such as muta-
tion/crossover are not applied, rather probabilistic modeling
based techniques are adopted. We have used the original RM-
MEDA source code available at http://privatewww.
essex.ac.uk/~azhou/publication.htm. The inte-
gration mechanism is described in Algorithm 3.

V. SIMULATION

To test the performance, we have executed each pair
of algorithms (PFVO enhanced hosting optimizer and the



Algorithm 2 SPEA-II with Pareto Following Variation Op-

erator
Require: Randomly generated parent population P; at generation ¢ with
population size N and an archive of external population P; with size

Ensure: After ¢,,4, number of iteration, population Py, .. will represent
solution of the problem.
1: Start with initial population, Py := @ and an empty archive (external
set) Pg:=0
sett =0
while ¢ < ¢4 do -
Calculate fitness values of P; and Py
JF :=Apply Non-dominated Sort on P, create ¢ number of fronts.
ie. F = {.7:(1,,_?45,1 e .7:1}
6: F :=Apply Non-dominated Sort on Py, create ¢ number of fronts.
ie. F = {.7:¢,,.7:¢_1 .. ..7:1}
7: Apply environmental selection. Copy all non-dominated individuals
from P; and P to ?t+1
8: if |Pt+1‘ > N then

9: Truncate individuals from P11 using clustering algorithm

10: else -

11: Fill P41 with dominated individuals from P; and Py

12: end if -

13: Again apply non-dominated sort on P;41 and create ¢ number of
fronts.

ie. F = {f¢,?¢,1 .. fl}
14: if ¢ > 1 then

15: .7-;¢+1 :=Pareto Following Variation(ﬁt_,_l,A iD)
|Fot1] = kmg _

16: Insert newly approximated population to Pii1, Pry1 =
Pii1UFgpi

17: end if -

18: Perform binary tournament selection with replacement on P¢41 to

fill the mating pool. o
19: Apply crossover and mutation on individuals in P41 and copy

them to Pt+1
20: sett:=t+1
21: end while

hosting optimizer without PFVO) on two benchmark problem
sets: the ZDT [29] and DTLZ [30] test suites. We have
executed each scenario (base algorithms, PFVO enhanced
algorithm, problem set) 30 times with different random seeds
(random seeds for each pair of the algorithms were same).
From the collected solutions sets (PJF* values), we have
calculated the Hypervolume(Iy) and Epsilon(I.) indicator
values. These indicators are two of the most widely used per-
formance metrics in MOEA research. The space constraints
does not permit us to present the detailed formulation of these
indicators. For more details, readers are referred to [31] and
[32].

The indicator values are presented with respect to the
number of exact function evaluations (FE) so that we can
draw clear conclusions about any difference in convergence
speeds (see Figure 6 and 7). Please note that lower values
of Iy indicates a better front. Therefore, the algorithm
which shows lower values for Igz in a smaller number
of FE is considered to be better. On the other hand,
for Epsilon indicator, I..(PFV O, HostOptimizer) <
0, I..(HostOptimizer, PFVO) > 0 indicates “Host
Optimizer + PFVO” is better than “Host Optimizer”
(and vice-versa). If I, (PFVO,HostOptimizer) > 0,
I (HostOptimizer, PFVO) > 0 ; they are incomparable.
Unfortunately, due to the space constraints, we are unable

Algorithm 3 RM-MEDA with Pareto Following Variation
Operator

Require: Randomly generated parent population P; at generation ¢ with
population size N
Ensure: After ¢),4, number of iteration, population P, ... will represent
solution of the problem.
Start with initial population, Py := ()
sett =0
while ¢ < ty,42 do
Calculate fitness values of P
sett:=t+1
Build the probability model for the distribution of the solutions in
P using Local Principal Component Analysis (Local-PCA).
Generate new solution set ) from the built probability model.
Evaluate fitness values of individuals in @
Select N individuals from P; and @ and create new population
Py
ie. Py1 =P U@
10: F :=Apply Non-dominated Sort on P;y;, create ¢ number of
fronts.
ie. F = {.7:¢,.7:¢,1 .. .7:1}
11: if ¢ > 1 then

AR A N

0o

12: Fp+1 :=Pareto Following Variation(P;41,A f)
|Fo1] = kmg

13: Insert newly approximated population to P41, Pyy1 := Pr41U
Fot1

14: Retain the size of population in P41 to N. If it exceeds this

limit, just remove the individuals from the worst front.
15: end if
16: sett:=t+1
17: end while

to provide the results of each pair of algorithms for all test
problems, so we have included some of them in the next sub-
sections. For interested readers, detailed results and analysis
are available online at http://www.csse.unimelb.
edu.au/~akmkat.

A. Analysis

From Figure 6(a), we can see that the PFVO enhanced
SPEA-II can reach the PF™ within approximately 5000
function evaluations for ZDT6 and if we execute SPEA-
II alone, it takes 20,000 function evaluations. For DTLZ3,
we see convergence rate is also promising. For RM-MEDA
on ZDT4, PFVO is capable of improving the speed of
convergence. On the other hand, in terms of the /. indicator,
the performance of both of the base algorithms was improved
when we integrated the PFVO with them. These result clearly
indicate that our approximation method can track the search
path in right direction so that the hosting optimizer can
converge to the PF* faster by avoiding the evaluation and/or
creation of non-promising solutions. In our previous work
[24], we have integrated PFVO into NSGA-II [33] and found
similar improvement.

For statistical analysis, we have executed each pair of
algorithms on every problem for 30 trials. In each trial, the
Iy and I values were collected at every generation. From
these values, we have conducted a Kruskal-Wallis [34] test,
with a = 0.01 (i.e. 99% significance). The detailed p-value
results are provided in http:\\www.csse.unimelb.
edu.au\~akmkat. Please note that, for all experiments,
we have used the same parameters as suggested in both host
algorithm [16], [17] implementations.
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VI. CONCLUSION AND FUTURE WORK

In our previous work [23], [24], the value of Af used
in the PFVO was estimated from empirical trials. This value
had to be tuned manually for different problems and different
host algorithms. In the PFVO implementation described in
this paper, we have adopted an ‘“adaptive” calculation for
A f. We have also shown that PFVO can be easily “plugged
into” a wide range of baseline MOEA’s, thereby improving
the convergence speed of the algorithm. One limitation of the
PFVO, is the fact that is does not scale to more than two ob-
jectives. However, in another version of PFVO (implemented
from the dynamic system identification in Fourier domain
[23]), we did report results for three objective problems. In
the next version of PFVO, we will explore similar ideas to
solve the scalability issue.
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